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RANDOM GALOIS EXTENSIONS OF HILBERTIAN
FIELDS
LIOR BARY-SOROKER AND ARNO FEHM
Abstract. Let L be a Galois extension of a countable Hilbertian
field K. Although L need not be Hilbertian, we prove that an
abundance of large Galois subextensions of L/K are.
1. Introduction
Hilbert’s irreducibility theorem states that if K is a number field and
f ∈ K[X, Y ] is an irreducible polynomial that is monic and separable
in Y , then there exist infinitely many a ∈ K such that f(a, Y ) ∈ K[Y ]
is irreducible. Fields K with this property are consequently called
Hilbertian, cf. [4], [9], [10].
Let K be a field with a separable closure Ks, let e ≥ 1, and write
Gal(K) = Gal(Ks/K) for the absolute Galois group of K. For an
e-tuple σ = (σ1, . . . , σe) ∈ Gal(K)
e we denote by
[σ]K = 〈σ
τ
ν | ν = 1, . . . , e and τ ∈ Gal(K)〉
the closed normal subgroup of Gal(K) that is generated by σ. For an
algebraic extension L/K we let
L[σ]K = {a ∈ L | a
τ = a, ∀τ ∈ [σ]K}
be the maximal Galois subextension of L/K that is fixed by each σν ,
ν = 1, . . . , e. We note that the group [σ]K , and hence the field L[σ]K ,
depends on the base field K.
Since Gal(K)e is profinite, hence compact, it is equipped with a
probability Haar measure. In [7] Jarden proves that if K is countable
and Hilbertian, then Ks[σ]K is Hilbertian for almost all σ ∈ Gal(K)
e.
This provides a variety of large Hilbertian Galois extensions of K.
Other fields of this type that were studied intensively are the fields
Ktot,S[σ]K , where K is a number field, S is a finite set of primes of
K, and Ktot,S is the field of totally S-adic numbers over K – the
maximal Galois extension of K in which all primes in S totally split;
see for example [6] and the references therein for recent developments.
Although the absolute Galois group of Ktot,S[σ]K was completely de-
termined in loc. cit. (for almost all σ), the question whether Ktot,S[σ]K
is Hilbertian or not remained open. Note that if σ = (1, . . . , 1), then
Ktot,S[σ]K = Ktot,S is not Hilbertian, cf. [3].
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The main objective of this study is to prove the following general
result, which, in particular, generalizes Jarden’s result and resolves the
above question.
Theorem 1.1. Let K be a countable Hilbertian field, let e ≥ 1, and let
L/K be a Galois extension. Then L[σ]K is Hilbertian for almost all
σ ∈ Gal(K)e.
Jarden’s proof of the case L = Ks is based on Roquette’s theorem [4,
Corollary 27.3.3] and Melnikov’s theorem [4, Theorem 25.7.5]: Jarden
proves that for almost all σ, the countable field Ks[σ]K is pseudo alge-
braically closed. Therefore, by Roquette, Ks[σ]K is Hilbertian if [σ]K
is a free profinite group of infinite rank. Then Melnikov’s theorem is
applied to reduce the proof of the freeness of [σ]K to realizing simple
groups as quotients of [σ]K .
However, L[σ]K is not pseudo algebraically closed for most L (e.g. for
L = Ktot,S, whenever S 6= ∅). Thus, it seems that Jarden’s proof cannot
be extended to such fields L. Our proof utilizes Haran’s twisted wreath
products approach [5]. We can apply this approach whenever L/K has
many linearly disjoint subextensions (in the sense of Condition LK
below). A combinatorial argument then shows that in the remaining
case, L[σ]K is a small extension of K, and therefore also Hilbertian.
2. Small extensions and linearly disjoint families
Let K ⊆ K1 ⊆ L be a tower of fields. We say that L/K1 satisfies
Condition LK if the following holds:
(LK)
There exists an infinite pairwise linearly disjoint family of fi-
nite proper subextensions of L/K1 of the same degree and Ga-
lois over K.
If a Galois extension satisfies Condition LK , then one can find lin-
early disjoint families of subextensions with additional properties:
Lemma 2.1. Let (Mi)i be a pairwise linearly disjoint family of Galois
extensions of K and let E/K be a finite Galois extension. Then Mi is
linearly disjoint from E over K for all but finitely many i.
Proof. This is clear since E/K has only finitely many subextensions,
cf. [1, Lemma 2.5] and its proof. 
Lemma 2.2. Let K ⊆ K1 ⊆ L be fields such that L/K is Galois,
K1/K is finite and L/K1 satisfies Condition LK. Let M0/K1 be a
finite extension, and let d ≥ 1. Then there exist a finite group G with
|G| ≥ d and an infinite family (Mi)i>0 of subextensions of L/K1 which
are Galois over K such that Gal(Mi/K1) ∼= G for every i > 0 and the
family (Mi)i≥0 is linearly disjoint over K1.
Proof. By assumption there exists an infinite pairwise linearly disjoint
family (Ni)i>0 of subextensions of L/K1 which are Galois over K and of
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the same degree n > 1 over K1. Iterating Lemma 2.1 gives an infinite
subfamily (N ′i)i>0 of (Ni)i>0 such that the familyM0, (N
′
i)i>0 is linearly
disjoint over K1. If we let
M ′i = N
′
idN
′
id+1 · · ·N
′
id+d−1
be the compositum, then the familyM0, (M
′
i)i>0 is linearly disjoint over
K1, and [M
′
i : K1] = n
d > d for every i. Since up to isomorphism there
are only finitely many finite groups of order nd, there is a finite group
G of order nd and an infinite subfamily (Mi)i>0 of (M
′
i)i>0 such that
Gal(Mi/K1) ∼= G for all i > 0. 
Lemma 2.3. Let K ⊆ K1 ⊆ K2 ⊆ L be fields such that L/K is
Galois, K2/K is finite Galois and L/K1 satisfies Condition LK. Then
also L/K2 satisfies Condition LK.
Proof. By Lemma 2.2, applied to M0 = K2, there exists an infinite
family (Mi)i>0 of subextensions of L/K1 which are Galois over K, of
the same degree n > 1 over K1 and such that the family K2, (Mi)i>0
is linearly disjoint over K1. Let M
′
i = MiK2. Then [M
′
i : K2] = [Mi :
K1] = n, M
′
i/K is Galois, and the family (M
′
i)i>0 is linearly disjoint
over K2, cf. [4, Lemma 2.5.11]. 
Recall that a Galois extension L/K is small if for every n ≥ 1 there
exist only finitely many intermediate fieldsK ⊆ M ⊆ L with [M : K] =
n. Small extensions are related to Condition LK by Proposition 2.5
below, for which we give a combinatorial argument using Ramsey’s
theorem, which we recall for the reader’s convenience:
Proposition 2.4 ([8, Theorem 9.1]). Let X be a countably infinite set
and n, k ∈ N. For every partition X [n] =
⋃k
i=1 Yi of the set of subsets of
X of cardinality n into k pieces there exists an infinite subset Y ⊆ X
such that Y [n] ⊆ Yi for some i.
Proposition 2.5. Let L/K be a Galois extension. If there exists no
finite Galois subextension K1 of L/K such that L/K1 satisfies Condi-
tion LK, then L/K is small.
Proof. Suppose that L/K is not small, so it has infinitely many subex-
tensions of degree m over K, for some m > 1. Taking Galois closures
we get that for some 1 < d ≤ m! there exists an infinite family F of
Galois subextensions of L/K of degree d: Indeed, only finitely many
extensions of K can have the same Galois closure.
Choose d minimal with this property. For any two distinct Galois
subextensions of L/K of degree d over K their intersection is a Galois
subextension of L/K of degree less than d over K, and by minimality
of d there are only finitely many of those. Proposition 2.4 thus gives a
finite Galois subextension K1 of L/K and an infinite subfamily F
′ ⊆ F
such that for any two distinct M1,M2 ∈ F
′, M1 ∩M2 = K1. Since any
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two Galois extensions are linearly disjoint over their intersection, it
follows that L/K1 satisfies Condition LK . 
The converse of Proposition 2.5 holds trivially. The following fact
on small extensions will be used in the proof of Theorem 1.1.
Proposition 2.6 ([4, Proposition 16.11.1]). If K is Hilbertian and
L/K is a small Galois extension, then L is Hilbertian.
3. Measure theory
For a profinite group G we denote by µG the probability Haar mea-
sure on G. We will make use of the following two very basic measure
theoretic facts.
Lemma 3.1. Let G be a profinite group, H ≤ G an open subgroup,
Σ1, . . . ,Σk ⊆ H measurable µH-independent sets, and S ⊆ G a set of
representatives of G/H.
Let Σ∗i =
⋃
g∈S gΣi. Then Σ
∗
1, . . . ,Σ
∗
k are µG-independent.
Proof. Let n = [G : H ]. Then for any measurable X ⊆ H we have
µH(X) = nµG(X). Since G is the disjoint union of the cosets gH , for
g ∈ S, we have that
µG(Σ
∗
i ) =
∑
g∈S
µG(gΣi) = nµG(Σi) = µH(Σi)
and
µG
(
k⋂
i=1
Σ∗i
)
=
∑
g∈S
µG
(
k⋂
i=1
gΣi
)
= nµG
(
k⋂
i=1
Σi
)
=
= µH
(
k⋂
i=1
Σi
)
=
k∏
i=1
µH (Σi) =
k∏
i=1
µG (Σ
∗
i ) ,
thus Σ∗1, . . . ,Σ
∗
k are µG-independent. 
Lemma 3.2. Let (Ω, µ) be a measure space. For each i ≥ 1 let Ai ⊆ Bi
be measurable subsets of Ω. If µ(Ai) = µ(Bi) for every i ≥ 1, then
µ(
⋃∞
i=1Ai) = µ(
⋃∞
i=1Bi).
Proof. This is clear since(
∞⋃
i=1
Bi
)
r
(
∞⋃
i=1
Ai
)
⊆
∞⋃
i=1
(Bi r Ai),
and µ(Bi rAi) = 0 for every i ≥ 1 by assumption. 
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4. Twisted wreath products
Let A and G1 ≤ G be finite groups together with a (right) action of
G1 on A. The set of G1-invariant functions from G to A,
IndGG1(A) = {f : G→ A | f(στ) = f(σ)
τ , ∀σ ∈ G ∀τ ∈ G1} ,
forms a group under pointwise multiplication. Note that IndGG1(A)
∼=
A[G:G1]. The group G acts on IndGG1(A) from the right by f
σ(τ) =
f(στ), for all σ, τ ∈ G. The twisted wreath product is defined to
be the semidirect product
A ≀G1 G = Ind
G
G1
(A)⋊G,
cf. [4, Definition 13.7.2]. Let pi : IndGG1(A)→ A be the projection given
by pi(f) = f(1).
Lemma 4.1. Let G = G1 × G2 be a direct product of finite groups,
let A be a finite G1-group, and let I = Ind
G
G1
(A). Assume that |G2| ≥
|A|. Then there exists ζ ∈ I such that for every g1 ∈ G1, the normal
subgroup N of A ≀G1 G generated by τ = (ζ, (g1, 1)) satisfies pi(N ∩ I) =
A.
Proof. Let A = {a1, . . . , an} with a1 = 1. By assumption, |G2| ≥ n,
so we may choose distinct elements h1, . . . , hn ∈ G2 with h1 = 1. For
(g, h) ∈ G we set
ζ(g, h) =
{
agi , if h = hi for some i
1, otherwise.
Then ζ ∈ I. Since G1 and G2 commute in G, for any h ∈ G2 we have
ττ−h = ζg1(ζg1)
−h = ζg1 · g
−1
1 ζ
−h = ζζ−h ∈ N ∩ I.
Hence,
a−1i = a1a
−1
i = ζ(1)ζ(hi)
−1 = (ζζ−hi)(1)
= (ττ−hi)(1) = pi(ττ−hi) ∈ pi(N ∩ I).
We thus conclude that A = pi(N ∩ I), as claimed. 
Following [5] we say that a tower of fields
K ⊆ E ′ ⊆ E ⊆ N ⊆ Nˆ
realizes a twisted wreath product A ≀G1 G if Nˆ/K is a Galois exten-
sion with Galois group isomorphic to A ≀G1 G and the tower of fields
corresponds to the subgroup series
A ≀G1 G ≥ Ind
G
G1
(A)⋊G1 ≥ Ind
G
G1
(A) ≥ ker(pi) ≥ 1.
6 LIOR BARY-SOROKER AND ARNO FEHM
In particular we have the following commutative diagram:
Gal(Nˆ/E)
∼=
//
res

IndGG1(A)
pi

Gal(N/E)
∼=
// A.
5. Hilbertian fields
We will use the following specialization result for Hilbertian fields:
Lemma 5.1. LetK1 be a Hilbertian field, let x = (x1, . . . , xd) be a finite
tuple of variables, let 0 6= g(x) ∈ K1[x], and consider field extensions
M,E,E1, N of K1 as in the following diagram.
M ME1 ME1(x) MN
K1 E E1 E1(x) N
Assume that E,E1,M are finite Galois extensions of K1, E = E1∩M ,
N is a finite Galois extension of K1(x) that is regular over E1, and let
y ∈ N . Then there exists an E1-place ϕ of N such that b = ϕ(x) and
ϕ(y) are finite, g(b) 6= 0, the residue fields of K1(x), E1(x, y) and N
are K1, E1(ϕ(y)) and N¯ , respectively, where N¯ is a Galois extension
of K1 which is linearly disjoint from M over E, and Gal(N¯/K1) ∼=
Gal(N/K1(x)).
Proof. E1 and M are linearly disjoint over E, and N and ME1 are
linearly disjoint over E1. We thus get that M and N are linearly
disjoint over E. Thus N is linearly disjoint from M(x) over E(x), so
N ∩M(x) = E(x).
For every b ∈ Kd1 there exists a K1-place ϕb of K1(x) with residue
field K1 and ϕb(x) = b. It extends uniquely to ME1(x), and the
residue fields of M(x) and E1(x) are M and E1, respectively.
Since K1 is Hilbertian, by [4, Lemma 13.1.1] (applied to the three
separable extensions E1(x, y), N and MN of K1(x)) there exists b ∈
Kd1 with g(b) 6= 0 such that any extension ϕ of ϕb to MN satisfies
the following: ϕ(y) is finite, the residue field of E1(x, y) is E1(ϕ(y)),
the residue fields MN and N of MN and N , respectively, are Galois
over K1, and ϕ induces isomorphisms Gal(N/K1(x)) ∼= Gal(N/K1)
and Gal(MN/K1(x)) ∼= Gal(MN/K1).
By Galois correspondence, the latter isomorphism induces an isomor-
phism of the lattices of intermediate fields ofMN/K1(x) andMN/K1.
Hence, N ∩M(x) = E(x) implies that N ∩M = E, which means that
N and M are linearly disjoint over E. 
We will apply the following Hilbertianity criterion:
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Proposition 5.2 ([5, Lemma 2.4]). Let P be a field and let x be tran-
scendental over P . Then P is Hilbertian if and only if for every ab-
solutely irreducible f ∈ P [X, Y ], monic in Y , and every finite Galois
extension P ′ of P such that f(x, Y ) is Galois over P ′(x), there are
infinitely many a ∈ P such that f(a, Y ) ∈ P [Y ] is irreducible over P ′.
6. Proof of Theorem 1.1
Lemma 6.1. Let K ⊆ K1 ⊆ L be fields such that K is Hilbertian, L/K
is Galois, K1/K is finite Galois, and L/K1 satisfies Condition LK.
Let e ≥ 1, let f ∈ K1[X, Y ] be an absolutely irreducible polynomial
that is Galois over Ks(X) and let K
′
1 be a finite separable extension
of K1. Then for almost all σ ∈ Gal(K1)
e there exist infinitely many
a ∈ L[σ]K such that f(a, Y ) is irreducible over K
′
1 · L[σ]K .
Proof. Let E be a finite Galois extension of K such that K ′1 ⊆ E and f
is Galois over E(X) and put G1 = Gal(E/K1). Let x be transcendental
over K and y such that f(x, y) = 0. Let F ′ = K1(x, y) and F =
E(x, y). Since f(X, Y ) is absolutely irreducible, F ′/K1 is regular, hence
Gal(F/F ′) ∼= G1. Since f(X, Y ) is Galois over E(X), F/K1(x) is
Galois (as the compositum of E and the splitting field of f(x, Y ) over
K1(x)). Then A = Gal(F/E(x)) is a subgroup of Gal(F/K1(x)), so
G1 = Gal(F/F
′) acts on A by conjugation.
F ′
G1
F
K1(x)
G1
E(x)
A
Since L/K1 satisfies Condition LK , by Lemma 2.2, applied to M0 = E,
there exists a finite group G2 with d := |G2| ≥ |A| and a sequence
(E ′i)i>0 of linearly disjoint subextensions of L/K1 which are Galois
over K with Gal(E ′i/K1)
∼= G2 such that the family E, (E
′
i)i>0 is lin-
early disjoint over K1. Let Ei = EE
′
i. Then Ei/K is Galois and
Gal(Ei/K1) ∼= G := G1 ×G2 for every i.
Let x = (x1, . . . , xd) be a d-tuple of variables, and for each i choose
a basis wi1, . . . , wid of E
′
i/K1. By [5, Lemma 3.1], for each i we have a
tower
(2) K1(x) ⊆ E
′
i(x) ⊆ Ei(x) ⊆ Ni ⊆ Nˆi
that realizes the twisted wreath product A≀G1G, such that Nˆi is regular
over Ei and Ni = Ei(x)(yi), where irr(yi, Ei(x)) = f(
∑d
ν=1wiνxν , Y ).
We inductively construct an ascending sequence (ij)
∞
j=1 of positive
integers and for each j ≥ 1 an Eij -place ϕj of Nˆij such that
(a) the elements aj :=
∑d
ν=1wijνϕj(xν) ∈ E
′
ij
are distinct for j ≥ 1,
8 LIOR BARY-SOROKER AND ARNO FEHM
(b) the residue field tower of (2), for i = ij , under ϕj ,
(3) K1 ⊆ E
′
ij
⊆ Eij ⊆ Mij ⊆ Mˆij ,
realizes the twisted wreath product A≀G1G andMij is generated
by a root of f(aj, Y ) over Eij ,
(c) the family (Mˆij )
∞
j=1 is linearly disjoint over E.
Indeed, suppose that i1, . . . , ij−1 and ϕ1, . . . , ϕj−1 are already con-
structed and let M = Mˆi1 · · · Mˆij−1 . By Lemma 2.1 there is ij > ij−1
such that E ′ij is linearly disjoint from M over K1. Thus, Eij is linearly
disjoint from M over E. Since K is Hilbertian and K1/K is finite, K1
is Hilbertian. Applying Lemma 5.1 to M , E, Eij , Nˆij , and yij , gives
an Eij -place ϕj of Nˆij such that (b) and (c) are satisfied. Choosing g
suitably we may assume that aj = ϕj(
∑d
ν=1wijνxν) /∈ {a1, . . . , aj−1},
so also (a) is satisfied.
We now fix j and make the following identifications: Gal(Mˆij/K1) =
A ≀G1 G = I ⋊ (G1 × G2), Gal(Mˆij/Eij ) = I, Gal(Mij/Eij ) = A. The
restriction map Gal(Mˆij/Eij ) → Gal(Mij/Eij ) is thus identified with
pi : A ≀G1 G → A, and Gal(Mˆij/Mij) = ker(pi). Let ζ ∈ I := Ind
G
G1
(A)
be as in Lemma 4.1 and let Σj be the set of those σ ∈ Gal(K1)
e such
that for every ν ∈ {1, . . . , e}, σν |Mˆij
= (ζ, (gν1, 1)) ∈ I ⋊ (G1 ×G2) for
some gν1 ∈ G1. Then the normal subgroup N generated by σ|Mˆij
in
Gal(Mˆij/K1) satisfies pi(N ∩ I) = A.
Now fix σ = (σ1, . . . , σe) ∈ Σj and let P = L[σ]K and Q = Ks[σ]K1 .
Then
P = L ∩Ks[σ]K ⊆ Ks[σ]K ⊆ Ks[σ]K1 = Q.
Since E ′ij is fixed by σν , ν = 1, . . . , e, and Galois over K, we have
E ′ij ⊆ P ⊆ Q. Thus aj ∈ P and EijQ = EQ. Therefore, since Mij is
generated by a root of f(aj , Y ) over Eij , we get that MijQ is generated
by a root of f(aj , Y ) over EQ.
Q EijQ MijQ MˆijQ
Mˆij ∩Q (Mˆij ∩Q)Eij (Mˆij ∩Q)Mij Mˆij
ker(pi)I
N
Eij A Mij
The equality N = Gal(Mˆij/Mˆij ∩Q) gives
Gal(MˆijQ/MijQ)
∼= Gal(Mˆij/(Mˆij ∩Q)Mij ) = N ∩ ker(pi)
RANDOM GALOIS EXTENSIONS OF HILBERTIAN FIELDS 9
and
Gal(MˆijQ/EijQ)
∼= Gal(Mˆij/(Mˆij ∩Q)Eij ) = N ∩ I.
Therefore,
Gal(MijQ/EijQ)
∼= (N ∩ I)/(N ∩ ker(pi)) ∼= pi(N ∩ I) = A.
Since |A| = degY f(X, Y ) = deg f(aj , Y ), we get that f(aj , Y ) is ir-
reducible over EQ. Finally, we have K ′1P ⊆ EP ⊆ EQ, therefore
f(aj, Y ) is irreducible over K
′
1P .
It suffices to show that almost all σ ∈ Gal(K1)
e lie in infinitely many
Σj . Since, by (c), the family (Mˆij )
∞
j=1 is linearly disjoint over E, the
sets Σj are independent for µ = µGal(K1)e (Lemma 3.1). Moreover,
µ(Σj) =
|G1|
e
|A ≀G1 G|
e
> 0
does not depend on j, so
∑∞
j=1 µ(Σj) = ∞. It follows from the Borel-
Cantelli lemma [4, Lemma 18.3.5] that almost all σ ∈ Gal(K1)
e lie in
infinitely many σ ∈ Σj . 
Proposition 6.2. Let K ⊆ K1 ⊆ L be fields such that K is countable
Hilbertian, L/K is Galois, K1/K is finite Galois and L/K1 satisfies
Condition LK. Let e ≥ 1. Then L[σ]K is Hilbertian for almost all
σ ∈ Gal(K1)
e.
Proof. Let F be the set of all triples (K2, K
′
2, f), where K2 is a fi-
nite subextension of L/K1 which is Galois over K, K
′
2/K2 is a finite
separable extension (inside a fixed separable closure Ls of L), and
f(X, Y ) ∈ K2[X, Y ] is an absolutely irreducible polynomial that is
Galois over Ks(X). Since K is countable, the family F is also count-
able. If (K2, K
′
2, f) ∈ F , then K2 is Hilbertian ([4, Corollary 12.2.3])
and L/K2 satisfies Condition LK (Lemma 2.3), hence Lemma 6.1 gives
a set Σ′(K2,K ′2,f)
⊆ Gal(K2)
e of full measure in Gal(K2)
e such that for
every σ ∈ Σ′(K2,K ′2,f)
there exist infinitely many a ∈ L[σ]K such that
f(a, Y ) is irreducible over K ′2 · L[σ]K . Let
Σ(K2,K ′2,f) = Σ
′
(K2,K ′2,f)
∪ (Gal(K1)
e
rGal(K2)
e).
Then Σ(K2,K ′2,f) has measure 1 in Gal(K1)
e. We conclude that the
measure of Σ =
⋂
(K2,K ′2,f)∈F
Σ(K2,K ′2,f) is 1.
Fix a σ ∈ Σ and let P = L[σ]K . Let f ∈ P [X, Y ] be absolutely
irreducible and monic in Y , and let P ′ be a finite Galois extension of
P such that f(X, Y ) is Galois over P ′(X). In particular, f is Galois
over Ks(X). Choose a finite extension K2/K1 which is Galois over K
such that K2 ⊆ P ⊆ L and f ∈ K2[X, Y ]. Let K
′
2 be a finite extension
of K2 such that PK
′
2 = P
′. Then σ ∈ Gal(K2)
e. Since, in addition,
σ ∈ Σ(K2,K ′2,f), we get that σ ∈ Σ
′
(K2,K ′2,f)
. Thus there exist infinitely
many a ∈ P such that f(a, Y ) is irreducible over PK ′2 = P
′. So, by
Proposition 5.2, P is Hilbertian. 
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Remark. The proof of Proposition 6.2 actually gives a stronger asser-
tion: Under the assumptions of the proposition, for almost all σ ∈
Gal(K1)
e the field Ks[σ]K1 is Hilbertian over L[σ]K in the sense of
[2, Definition 7.2]. In particular, if L/K satisfies Condition LK (this
holds for example for L = Ktot,S from the introduction), then Ks[σ]K
is Hilbertian over L[σ]K . Since this is not the objective of this work,
the details are left as an exercise for the interested reader.
Proof of Theorem 1.1. Let K be a countable Hilbertian field, let e ≥ 1,
and let L/K be a Galois extension. We need to prove that L[σ]K is
Hilbertian for almost all σ ∈ Gal(K)e.
Let F be the set of finite Galois subextensions K1 of L/K for which
L/K1 satisfies Condition LK . Note that F is countable, since K is.
Let Ω = Gal(K)e, let µ = µΩ, and let
Σ = {σ ∈ Ω : L[σ]K is Hilbertian}.
For K1 ∈ F let ΩK1 = Gal(K1)
e and ΣK1 = ΩK1 ∩ Σ. Note that
ΩK1 = {σ ∈ Ω : K1 ⊆ L[σ]K} .
By Proposition 6.2, µ(ΣK1) = µ(ΩK1) for each K1. Let
∆ := Ωr
⋃
K1∈F
ΩK1 = {σ ∈ Ω : K1 6⊆ L[σ]K for all K1 ∈ F} .
If σ ∈ ∆, then L[σ]K/K is small by Proposition 2.5, so L[σ]K is Hilber-
tian by Proposition 2.6. Thus, ∆ ⊆ Σ. Since Ω = ∆ ∪
⋃
K1∈F
ΩK1 ,
Lemma 3.2 implies that
µ(Σ) = µ
(
(Σ ∩∆) ∪
⋃
K1∈F
ΣK1
)
= µ
(
∆ ∪
⋃
K1∈F
ΩK1
)
= µ(Ω) = 1,
which concludes the proof of the theorem. 
Acknowledgements
The authors would like to express their sincere thanks to Moshe Jarden
for pointing out a subtle gap in a previous version and for many useful
suggestions and remarks. This research was supported by the Lion
Foundation Konstanz / Tel Aviv and the Alexander von Humboldt
Foundation.
References
[1] Lior Bary-Soroker. On the characterization of Hilbertian fields. International
Mathematics Research Notices, 2008.
[2] Lior Bary-Soroker. On pseudo algebraically closed extensions of fields. Journal
of Algebra, 322(6):2082–2105, 2009.
[3] Lior Bary-Soroker and Arno Fehm. On fields of totally S-adic numbers.
http://arxiv.org/abs/1202.6200, 2012.
[4] M. Fried and M. Jarden. Field Arithmetic. Ergebnisse der Mathematik III 11.
Springer, 2008. 3rd edition, revised by M. Jarden.
RANDOM GALOIS EXTENSIONS OF HILBERTIAN FIELDS 11
[5] Dan Haran. Hilbertian fields under separable algebraic extensions. Invent.
Math., 137(1):113–126, 1999.
[6] Dan Haran, Moshe Jarden, and Florian Pop. The absolute Galois group of
subfields of the field of totally S-adic numbers. Functiones et Approximatio,
Commentarii Mathematici, 2012.
[7] Moshe Jarden. Large normal extension of Hilbertian fields. Mathematische
Zeitschrift, 224:555–565, 1997.
[8] Thomas J. Jech. Set Theory. Springer, 2002.
[9] Serge Lang. Diophantine Geometry. Interscience Publishers, 1962.
[10] Jean-Pierre Serre. Topics in Galois Theory. Jones and Bartlett Publishers,
1992.
